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ABSTRACT

In this paper, closed forms of the sum formulas for generalized Tribonacci numbers are presented.
As special cases, we give summation formulas of Tribonacci, Tribonacci-Lucas, Padovan, Perrin,
Narayana and some other third-order linear recurrance sequences.
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1 INTRODUCTION

The generalized Tribonacci sequence {W,,(Wo, W1, Wa; 7, s,t) }n>o (or shortly {W,}.>0) is defined
as follows:
Wn =1rWph_1 4+ sWh_o +tW, _3, Wo=a, Wi =bWa=¢, n>3 (1.1)

where Wy, Wi, W5 are arbitrary complex numbers and r,s,t are real numbers. The generalized
Tribonacci sequence has been studied by many authors, see for example [1-14].
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The sequence {W,, }.>0 can be extended to negative subscripts by defining
s T 1
W_pn = _gwf(nfl) - wa(nf?) + EWf(nfS)

forn =1,2,3, ... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

In literature, for example, the following names and notations (see Table 1) are used for the special
case of r, s, t and initial values.

Table 1. A few special case of generalized Tribonacci sequences

No Sequences (Numbers) Notation OEIS [15] References
1 Tribonacci {T.} ={W,(0,1,1;1,1,1)} A000073, A057597 [16]
2 Tribonacci-Lucas {K,}={W,(3,1,3;1,1,1)} A001644, A073145 [16]
3 Tribonacci-Perrin {M,} ={W,(3,0,2;1,1,1)} [16]
4 modified Tribonacci {U,} ={W,(1,1,1;1,1,1)} [16]
5 modified Tribonacci-Lucas {Gn} ={W,(4,4,10;1,1,1)} [16]
6 adjusted Tribonacci-Lucas {H,} ={W,(4,2,0;1,1,1)} [16]
7 third order Pell (P} = {W,(0,1,2;2,1,1)}  A077939, A077978 [17]
8 third order Pell-Lucas (@Y = {(W,(3,2,6;2,1,1)}  A276225, A276228 [17]
9 third order modified Pell (E®} = {W,(0,1,1;2,1,1)}  A077997, A078049 [17]
10 third order Pell-Perrin {RP} = {W,(3,0,2;2,1,1)}

11 Padovan (Cordonnier) {P,} ={W,(1,1,1;0,1,1)} A000931 [18]
12 Perrin (Padovan-Lucas) {E,} ={W,(3,0,2;0,1,1)} A001608, A078712 [18]
13 Padovan-Perrin {S.} ={W,(0,0,1;0,1,1)} A000931, A176971 [18]
14 modified Padovan {A,} ={W,(3,1,3;0,1,1)} [18]
15 Pell-Padovan {Rp} ={W,(1,1,1;0,2,1)}  A066983, A128587 [19]
16 Pell-Perrin {Cn} ={W,(3,0,2;0,2,1)} - [19]
17 third order Fibonacci-Pell {Gr} ={W,(1,0,2;0,2,1)} [19]
18 third order Lucas-Pell {B,} = {W,(3,0,4;0,2,1)} [19]
19 Jacobsthal-Padovan {Qn}={W,(1,1,1;0,1,2)} A159284 [20]
20 Jacobsthal-Perrin (-Lucas) {L,}={W,(3,0,2;0,1,2)} A072328 [20]
21 adjusted Jacobsthal-Padovan {K,}={W,(0,1,0;0,1,2)} [20]
22 modified Jacobsthal-Padovan {M,}={W,(3,1,3;0,1,2)} [20]
23 Narayana {N,} ={W,(0,1,1;1,0,1)} A078012 [21]
24 Narayana-Lucas {U,} ={W,(3,1,1;1,0,1)} A001609 [21]
25 Narayana-Perrin {H,} ={W,(3,0,2;1,0,1)} [21]
26 third order Jacobsthal {J®} = (W, (0,1,151,1,2)} A077947 [22]
27 third order Jacobsthal-Lucas GO = (Wa(2,1,51,1,2)} A226308 [22]
28  modified third order Jacobsthal-Lucas ~ {K(} = {W,,(3,1,3;1,1,2)} [22]
29 third order Jacobsthal-Perrin {QP} = {W,(3,0,2;1,1,2)} [22]
30 3-primes {Gr} ={W,(0,1,2;2,3,5)} [23]
31 Lucas 3-primes {H,} ={W,(3,2,10;2,3,5)} [23]
32 modified 3-primes {E,} ={W,(0,1,1;2,3,5)} [23]
33 reverse 3-primes {N,} ={W,(0,1,5;5,3,2)} [24]
34 reverse Lucas 3-primes {Sn} ={W,(3,5,31;5,3,2)} [24]
35 reverse modified 3-primes {U,} ={W,(0,1,4;5,3,2)} [24]

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.

The evaluation of sums of these sequences is a challenging issue. Two interesting examples are
= 1
Zk’Tk = §(nTn+3 — Tn+2 — (n =+ 1) Tn+1 + 2)
k=0

and
= 1
> kT4 = (B3 +2) Ty = (2n+5)Tn2— (n+3)Tons+2).
k=1

In this work, we derive expressions for sums of generalized Tribonacci numbers. We present some
studies on summing formulas of the numbers in the following Table 2.
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Table 2. A few special study of sum formulas

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [25],[26,27]
Generalized Fibonacci [28,29,30,31,32]
Generalized Tribonacci [33,34,35]
Generalized Tetranacci [36,37,38]
Generalized Pentanacci [39,40]
Generalized Hexanacci [41]

The following Theorem presents some sum formulas of generalized Tribonacci numbers with positive
subscripts.

Theorem 1.1. Forn > 0, we have the following formulas:
(@) Ifr+s+t—1+#0,then

n

Q
> W=
=0 T S

where
Q= Whots + (1 _T)WnJrQ + (1 —r— S)Wn+1 — Ws + (7“ — 1)W1 =+ (r—i—s— 1)Wo.
() If(r+s+t—1)(r—s+t+1)£0then

Q2

kZ:OWZk: (r+s+t—1)(r—s+t+1)

where
Qo = (—s+1)Wan ro+(t478) Wan 114+ (67 +1t) Wan+(—148) Wa+(—t—rs) Wi 4(— 141> —s*+rt+25) Wo.

) If(r+s+t—1)(r—s+t+1)#£0then

> Wakin = >

= 2kt (r—s+t+1)(r+s+t—1)

where

Q3 = (r+t)Wongot(5—8 7 +7) Wan 1+ (t—5t) Wan +(—r—t) Wot-(— 1+-s41° 41t ) W1 +(—t+5t) Wo.

Proof. ltis given in [35].

The following theorem presents some sum formulas (identities) of generalized Tribonacci numbers
with negative subscripts.

Theorem 1.2. Forn > 1, we have the following formulas:

(@) Ifr+s+t—1+#0then

n Q4
W, = "4
Z P i s+t —1

k=1

where

Q= —(T + s+ t)anfl — (S + t)anfz —tW_ 3+ Ws + (1 — T)Wl + (]. —r— S)WO,
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(b) If(r+s+t—1)(r—s+t+1)#0then

> W=
Pt (r+s+t—1)(r—s+t+1)
where
Q5 = —(r+HOW_onp1+ (7 +rt+s— D)W g, +(st—t)W_op_1+(1—8)Wa+ (t+rs) W1 + (1 —rt —2s — 1> + %) Wo.
(€) If(r+s+t—1)(r—s+t+1)0then

S —
Pt TRk (r+s+t—1)(r—s+t+1)

where
Qe = (8—1)W72n+1—(t—H”S)szn—(t2+Tt)W72n71 +(’I“+t)W2+(1—T2 —’r‘t—S)W1 +(t—5t)Wg.

Proof. 1t is given in [35].

2 SUMFORMULAS OF GENERALIZED TRIBONACCI NUMBERS
WITH POSITIVE SUBSCRIPTS

The following Theorem presents some linear summing formulas of generalized Tribonacci numbers
with positive subscripts.

Theorem 2.1. Forn > 0, we have the following formulas:
(@) Ifr+s+t—1+#0then

Zka:#ga
P (r+s+t—1)
(b) if(r+s+t—1)(r—s+t+1)+0then
D kWa = =

2 2
P (r—s+t+1)"(r+s+t—1)

(c) if(r+s+t—1)(r—s+t+1)#0then

n A3

Z EWagi1 = 5 5,

P (r—s+t+1)°(r+s+t—1)
where

6 6 6
I STV SR e
k=1 k=1 k=1

with

N'i=Mmr+s+t—1)4+2r+s—3)Wnqs,

To=—(n(r—1)(r+s+t—1)4+2r> +rs —4r +t+2)Wyi2,
Is=—(n(r+s—1)(r+s+t—1)+r>+5>4+2rs — 7t — 2r — 25 + 2t + D)Wy 11,
F4:—(T—t—2)W2,

s = (r? —rt —2r 4+ s+ 2t + 1)W1,
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s = —t(2r + s — 3)Wo,
O1=—((s—D(r+s+t—1)(r—s+t+1)+1r>s —st? + s> + 2t + 2rt — 25 + 1)Wapn o,
Oy =(t+rs)(n(r+s+t—1)(r—s+t+1)+7? =1+ 25 — 2)Wani1,

Oz =t(n(r+t)(r+s+t—1(r—s+t+1)+r3 +2r% +rt® — %t + 2rs + dst — 2r — 3t)Way,
O4 = (125 — st® + 52 + 2t> 4+ 2rt — 25 + 1)Wo,

05 =—(t+ 7"5)(7“2 — 12 4+ 25 — 2)W,

B = —t(r3 +2r% — %t +rt? — 2r — 3t + 2rs + 4st)Wo,

Oy =nr+t)(r—s+t+1)(r+s+t—1) =t —rit+rs? —2rt? + 25t — r — 2t)Wapyo,
Dy = (n(r+s+t—1)(r—s+t+1)(s+rt—s>+12) —r2s® +2r2% + 3t + 11> — s* 4 2st% —
3t2 + 252 — 20t — $)Wany1,

B3 =—t(n(s—1)(r—s+t+1)(r+s+t—1)+ris—st> + 2% + s> + 2rt — 25 + 1) Wy,
[N (t3 + 72t —rs? 4+ 2rt? + 2t — 25t + r)Wa,

&5 = — (=122 +2r2% + 3t + rt® — % + 2st? + 257 — 3% — 2rt — 5)W,

D = t(r’s — st® + 5% + 2% + 2rt — 25 + 1)Wo.

Proof.
(a) Using the recurrence relation

Whn =1Whno1 + sWyp_o +tWy,_3

i.e.
th73 = Wn - ranl - SW7L72
we obtain
tnWy, = nWhis —rnWhyo — snWyia
ttn = 1)Whpo1 = (n—1)Whpio —r(n — 1)Wpi1 —s(n — 1)W,
tn—=2)Wh_2 = (n—2)Wpp1 —r(n—2)Wy, —s(n—2)Wy,_1
tx3xWs = 3xWg—rx3xWs—5x3x Wy
tx2x W = 2xWs—rx2xWy—s5x2xWs
tx1xW; = 1xWy—rx1xWs—sx1xWas.

If we add the equations side by side, we get
(r+s+t— 1)Zka = nWpis+n—nr —1)Whio+ (n+1r —nr —ns —2)W,(a.1)
k=0

AWo+ (2 =m)Wi+ @B —2r—s)Wo+ (2r+s-3)> Wi
k=0

Then, using Theorem 1.1 (a) and solving (2.1), the required result of (a) follows.
(b) and (c) Using the recurrence relation

Wn = Tanl + SWn72 + th73

TWn—l = Wn - SWn—Q - th—d
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we obtain
r(n+1)Waniz = (n+1)Wania —s(n+ 1)Wani2 —t(n + 1)Wan i1
rnW2n+1 = nW2n+2 — SnWQn — th2n71

r(n — 1)W2n_1 = (n — 1)W2n —_ S(TL —_ 1)W2n_2 —_ t(’ﬂ — 1)W2n_3
rXx4dx Wy = 4xXWip—sx4dxWg—tx4dx Wy
rx3xW; = 3xWg—sx3xWg—tx3xWs
rX2xXxWs; = 2xWg—sx2XWsi—tx2xWs
rx1lxW; = 1xWi—sx1xWy—tx1xWi.

Now, if we add the above equations side by side, we get

(r+t) Z EWokt1 = nWanqo+(n+1)tWap1+ Wo+(1—5) Z kWar — Z Wap —t Z Wakt1.
k=0 k=0 k=0 k=0
2.2)

Similarly, using the recurrence relation
Wn - Tanl + SWn72 + th737

ie.
Tanl = Wn - Sang — th73,
we write the following obvious equations;

Tann = nW2n+1 —anan —thgnfg
T(nfl)Wang = (nfl)Wanl 78(7’L71)W2n737t(n71)W2n74
rX3xWsg = 3xXxWr—sXx3XxWs—tx3x Wy
rx2xWy = 2XWs—sx2xWs—1tx2xWsy
rx1lxW, = 1xWs—sx1xW;—tx1xWy
rx0x Wy, = O0xW;—sx0xW_1—tx0xW_s.

Now, if we add the above equations side by side, we obtain

(T’+t) Z kWQk = (n+1)sW2n+1 +t(n+1)W2n+(178) Z kW2k+1 —t Z ng —S Z W2k+1.
k=0

=0 = k=0 k=0 23)
Then, using Theorem 1.1 (b) and (c) and solving the system (2.2)-(2.3), the required result of
(b) and (c) follow.

2.1 Special Cases

In this section, we present the closed form solutions (identities) of the sums =)' kWi, >0 kWax
and Y _, kWar41 for the specific case of sequence {W,,}.

Taking r = s =t = 1 in Theorem 2.1, we obtain the following proposition.

Proposition 2.1. Ifr = s =1t =1 then forn > 0 we have the following formulas:
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@ > ko kWi = %(nW’ﬂ+3 — Wiz — (n+ 1) Wai1 + Wa + Wh).
(b) Yh o kWar = 2(—Wanio + 2nWani1 + (2n+ 1) Wan + Wa — Wo).
(c) EZ:O kWapi1 = i((Qn — 1) Wont2 + 2nWapy1 — Way, + Wa + W0)~

From the above proposition, we have the following corollary which gives sum formulas of Tribonacci
numbers (take W,, =T, with 7o = 0,71 = 1,T> = 1).

Corollary 2.2. Forn > 0, Tribonacci numbers have the following properties:
@ >p_okTk = 5(nThys — Toyo — (n+ 1) Tg1 + 2).

(b) >p_okTok = 3(—Tont2 + 2nTons1 + (2n+ 1) Ton + 1).

(©) >r_okTokt1 = 5((2n — 1) Tony2 + 2nTon g1 — Ton + 1).

Taking W,, = K,, with Ko = 3, K1 = 1, K> = 3 in the last proposition, we have the following corollary
which presents sum formulas of Tribonacci-Lucas numbers.

Corollary 2.3. Forn > 0, Tribonacci-Lucas numbers have the following properties:
(a) ZZ:O kK = %(TLK”JF?, — Kpto — (n + 1) Kny1 + 4).

(b) >r_ kKo = %(*K2n+2 +2nKont1 + (2n+ 1) Kon).

(€) >or o kKory1 = i((?n —1) Konyo + 2nKopnt1 — Koy + 6).

From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-
Perrin numbers (take W,, = M,, with My = 3, M1 = 0, M2 = 2).

Corollary 2.4. Forn > 0, Tribonacci-Perrin numbers have the following properties:
@) i kMy = 5(nMpis — Mot2 — (n 4 1) Myt1 + 2).

(b) >y (kMo = i(_M2n+2 + 2nMony1 + (2n+ 1) Mo, — 1).

(©) >op_okMaki1 = 5((2n — 1) Manio + 2nMan g1 — Man +5).

Taking W,, = U,, with Uy = 1,U; = 1,U> = 1 in the last proposition, we have the following corollary
which presents sum formulas of modified Tribonacci numbers.

Corollary 2.5. Forn > 0, modified Tribonacci numbers have the following properties:
(a) ZZ:O kU, = %(nUnJrg — Un+2 — (n + 1) Un+1 + 2).

(b) Yh kUi = 2(=Uzni2 + 2nUzni1 + (2n + 1) Uzn).

(€) Y r_okUzkt1 = 2((2n — 1) Uzns2 + 2nUzns1 — Uzn + 2).

From the last proposition, we have the following corollary which gives sum formulas of modified
Tribonacci-Lucas numbers (take W,, = G,, with Go = 4, G1 = 4, G2 = 10).

Corollary 2.6. Forn > 0, modified Tribonacci-Lucas numbers have the following properties:

(a) ZZ:O ka = %(TLGTH_:; — Gn+2 — (Tl —+ 1) Gn+1 + 14)
(b) >i o kGar = 1 (—=Gany2 + 2nGany1 + (2n + 1) Gan + 6).
(€) > r_okGaoryr = %((QTL — 1) Gant2 + 2nGany1 — Gan + 14).

Taking W,, = H,, with Hy = 4, H; = 2, H> = 0 in the last proposition, we have the following corollary
which presents sum formulas of adjusted Tribonacci-Lucas numbers.

33



Soykan; JSRR, 26(7): 27-52, 2020; Article no.JSRR.60366

Corollary 2.7. Forn > 0, adjusted Tribonacci-Lucas numbers have the following properties:
@ i kHr = 5(nHpys — Hutz — (n+ 1) Hoy1 +2).

(b) Y7 o kHaor = 2 (—Hans2 + 2nHong1 + (2n + 1) Han — 4).

(€) Yr_okHars1 = 2((2n — 1) Hanyz + 2nHony1 — Hon + 4).

Taking r =2,s = 1,t = 1 in Theorem 2.1, we obtain the following proposition.

Proposition 2.2. Ifr =2,s=1,t = 1 then forn > 0 we have the following formulas:

@) Sr_o kWi = 2((3n+2) Wais — (3n+5) Wyga — (6n + 4) Wiyt + Wa + 2W1 — 2Wp).
(b) 37 kWap = & (~Wanyo + (3n + 1) Want1 + (3n + 2) Way, + Wo — Wi — 2W0).

(©) 7 o kWars1 = 5((3n — 1) Wanga + (3n + 1) Wang1 — Wap + Wa — Wi + W).

From the last proposition, we have the following corollary which gives sum formulas of Third-order
Pell numbers (take W,, = P,, with P, =0, P, =1, P, = 1).

Corollary 2.8. Forn > 0, third-order Pell numbers have the following properties:
(a) ZZ:O kPk = %((STL + 2) Pn+3 — (3?’L + 5) P7L+2 — (677, =+ 4) Pn+1 + 4)

(b) > 7 kP = é(_P2n+2 +@Bn+1)Popy1 + (3n+2) Por, + 1).
(©) >r_okPari1 = 5((3n = 1) Pany2 4+ (3n + 1) Pang1 — Pon + 1).

Taking W,, = Q, with Qo = 3, Q1 = 2, Q2 = 6 in the last proposition, we have the following corollary
which presents sum formulas of third-order Pell-Lucas numbers.

Corollary 2.9. Forn > 0, third-order Pell-Lucas numbers have the following properties:

@ >r o kQr = 35((3n+2) Quis — (3n+5) Qniz — (6n +4) Qni1 +4).
(b) >7_kQax = é(*Q2n+2 +(Bn+1)Qant1 + (Bn+2) Q2n — 2).
(€) Yh_okQars1 = 5((3n — 1) Qant2 + (3n 4 1) Qant1 — Qan + 7).

From the last proposition, we have the following corollary which gives sum formulas of third-order
modified Pell numbers (take W,, = E,, with By =0, F1 = 1, E2 = 1).

Corollary 2.10. Forn > 0, third-order modified Pell numbers have the following properties:

(@ > _okEr=3((3n+2)Enys — (3n+5) Enga — (6n+4) Eng1 + 3).
(b) > %_okEok = é(_E2n+2 + (B3n+1) Eany1 + (3n +2) Eay).
(©) i okEars1 = 2((3n— 1) Eansa + (3n+ 1) Bang1 — Ean).

Taking W,, = R,, with Ry = 3, R1 = 0, R2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of third-order Pell-Perrin numbers.

Corollary 2.11. Forn > 0, third-order Pell-Perrin numbers have the following properties:

(a) EZ:O kR, = %((3” + 2) Rn+3 — (3n + 5) Rn+2 — (6TL + 4) Rn+1 — 4)
(b) ZZ:O kRox = %(—Rszrg + (3n + 1) Ront1 + (371 + 2) Ropn — 4).
(€) >r_okRoks1 = 5((3n —1) Ranyo + (3n+ 1) Rany1 — Ran +5).

Taking r = 0,s = 1,t = 1 in Theorem 2.1, we obtain the following proposition.

Proposition 2.3. Ifr =0,s = 1,t = 1 then forn > 0 we have the following formulas:
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(a) ZZ:O EW = (n — 2) Whts + (n — 3) Wito — 2Wpi1 + 3Wa + 4W1 + 2Wh.
(b) ZZ:O EWap = —Wapqo + (n — 1) Wapq1 + nWapn + Wo + Wi
(©) > i okWarg1 = (n—1)Wany1 + (n — 1) Wango — Wapn + Wa + W1 + Wh.

From the last proposition, we have the following corollary which gives sum formulas of Padovan
numbers (take W,, = P, with P, =1, P, =1, P, = 1).

Corollary 2.12. Forn > 0, Padovan numbers have the following properties:
(a) ZZ:O kP, = (n — 2) Pris + (n — 3) Prio—2Pp41 4+ 9.

(b) ZZ:O kPor, = —Papyo+ (n— 1) Pant1 + nPapn + 2.

(©) > i okPort1=(n—1)Poni1+ (n—1) Panya — Pop + 3.

Taking W,, = E,, with Eq = 3, E1 = 0, E2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of Perrin numbers.

Corollary 2.13. Forn > 0, Perrin numbers have the following properties:

(a) ZZ:O kE, = (n — 2) En+3 + (n — 3) En+2 — 2En+1 +12.
(b) ZZ:O kB2 = —Eany2 + (n — 1) Ezng1 + nEay + 2.
(C) ZZ:O kE2k+1 = (TL - ].) E2n+1 =+ (n — 1) E2n+2 — Fopn + 5.

From the last proposition, we have the following corollary which gives sum formulas of Padovan-Perrin
numbers (take W,, = S,, with Sp = 0,51 =0, 52 = 1).

Corollary 2.14. Forn > 0, Padovan-Perrin numbers have the following properties:

(a) ZZ:O kSr = (n —2) Sp+s + (n — 3) Sny2 — 25n+1 + 3.
(b) > i _okSak = —Soni2+ (n—1)Soni1 +nSon + 1.
(€) > i okSors1 = (n—1)S2ns1+ (n—1)Sonio — San + 1.

Taking W,, = A,, with Ay = 3, A; = 1, A, = 3 in the last proposition, we have the following corollary
which presents sum formulas of modified Padovan numbers.

Corollary 2.15. Forn > 0, modified Padovan numbers have the following properties:

(a) ZZ:O kA = (n — 2) Apys + (n — 3) Apyo —2A541 + 19.
(b) > ko kAo = —Aznio+ (n—1) Azny1 +ndan +4.
(C) ZZ:O kA2k’+1 = (TL - 1) A2n+1 + (TL — 1) A2n+2 — Agn + 7.

Taking r = 0,s = 2,t = 1 in Theorem 2.1, we obtain the following theorem.

Theorem 2.16. Ifr =0,s = 2,t = 1 then for n > 0 we have the following formulas:

(a) EZ:O EW = i((Qn — 1) Wits + (277, — 3) Wito — (271 + 3) W1 + 3Wa 4+ 5W71 + Wo).
(b) ZZ:O kWoy = %(n (n + 3) W2n+2 —-n (TL —+ 1) W2n+1 - (n + 2) (n -+ 1) Waon + QWO).
(C) ZZ:O kW2k+1 = %(—n (n + 1) Wan42 + (712 +3n — 2)W2n+1 +n (n =+ 3) Waon + 2W1).

Proof.
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(a) Takingr =0,s=2,t=11in Theorem 2.1 (a), we obtain

= 1
Z kW, = Z((217, — 1) Whys + (2n — 3) Whto — (2n 4 3) Whga + 3Wa + 5W1 + Wo).
k=0

(b) It can be proved by induction.
(c) It can be proved by induction.

From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan
numbers (take W,, = R,, with Ro =1, Ry = 1, Rz = 1).

Corollary 2.17. Forn > 0, Pell-Padovan numbers have the following properties:

(@ Y _okRr=3x(2n—1)Ruys+ (2n — 3) Rug2 — (2n 4+ 3) Rny1 +9).

(b) Y okRok = 3(n(n+3) Rany2 —n(n+1) Rangy1 — (n+2) (n+ 1) Ran + 2).
(C) ZZ:O kR2k+1 = %(—n (’I’L =+ 1) R2n+2 =+ (n2 + 3n — 2)R2n+1 +n (n + 3) Ron + 2).

Taking W,, = C,, with Cy = 3,C1 = 0,C> = 2 in the last theorem, we have the following corollary
which presents sum formulas of Pell-Perrin numbers.

Corollary 2.18. Forn > 0, Pell-Perrin numbers have the following properties:

(@ >p_okCr = 1((2n —1)Crys+ (2n — 3) Cnyz — (20 + 3) Cny1 4+ 9).

(b) ZZ:O kCsy = %(n (n + 3) C2n+2 —-n (TL =+ 1) 02n+1 — (n =+ 2) (n + 1) Cap + 6).
(©) > i okCokq1 = %(fn (n+1) Conga + (n* + 3n — 2)Cony1 + n (n + 3) Can).

From the last theorem, we have the following corollary which gives sum formulas of third order
Fibonacci-Pell numbers (take W,, = G, with Go = 1,G1 = 0, G2 = 2).

Corollary 2.19. Forn > 0, third order Fibonacci-Pell numbers have the following properties:
(@ >r o kGr=3((2n=1)Gnis+ (2n — 3) Gnia — (2n+3) Gny1 + 7).

(b) ZZ:O kGay = %(n (n + 3) G2n+2 —-n (n + 1) G2n+1 — (Tl —+ 2) (n + 1) Gan + 2).

(c) ZZ:O kGaoky1 = %(—n (n + 1) Gonya + (n2 +3n — 2)G2n+1 +n (TL + 3) GQn)

Taking W,, = B, with By = 3,B1 = 0, B, = 4 in the last theorem, we have the following corollary
which presents sum formulas of third order Lucas-Pell numbers.

Corollary 2.20. Forn > 0, third order Lucas-Pell numbers have the following properties:
(@ Yr_okBr = x((2n — 1) Bags + (2n — 3) Bnga — (2n+ 3) Bny1 + 15).

(b) ZZ:O kBoi = %(TL (TL + 3) Bopt2 —n (TL + 1) Bon4+1 — (n + 2) (TL + 1) Bay, + 6)

(€) > r_okBoks1 = 2(—n(n+1) Bansa + (n* + 3n — 2)Bany1 + n(n + 3) Bay).

Taking r = 0,s = 1,t = 2 in Theorem 2.1, we obtain the following proposition.

Proposition 2.4. Ifr =0,s = 1,t = 2 then forn > 0 we have the following formulas:

(a) ZZ:O kW, = %((n — 1) Whts + (TL — 2) Wito — 2Wpg1 + 2Wa + 3W1 + QWO).
(b) >3 kWak = 1(~Wani2 +2(n — 1) Wans1 + 4nWan1 + Wa + 2W1).
(©) >ho kWakt1 = i(2 (n — 1) Wanyo + (4n — 1) Wapq1 — 2Way, + 2Wo + W1 + 2Wo).
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From the last proposition, we have the following corollary which gives sum formulas of Jacobsthal-
Padovan numbers (take W, = Q. with Qo =1,Q1 =1,Q2 = 1).

Corollary 2.21. Forn > 0, Jacobsthal-Padovan numbers have the following properties:
@ >r o kQr=3((n—1)Qnis+ (n—2)Qniz — 2Qni1 + 7).

(b) >r_kQok = 2(—Q2n+2 +2(n — 1) Qans1 + 4nQ2n1 + 3).

(€) Y r o kQart1 =3(2(n—1)Qangz+ (4n — 1) Qans1 — 2Q2n + 5).

Taking W,, = L,, with Lo = 3, L1 = 0, L» = 2 in the last proposition, we have the following corollary
which presents sum formulas of Jacobsthal-Perrin numbers.

Corollary 2.22. Forn > 0, Jacobsthal-Perrin numbers have the following properties:
(@ >r_okLik=3((n—1)Lags+ (n — 2) Lny2 — 2Ln41 + 10).

(b) Yr_okLok = 2(—Lany2 +2(n —1) Lany1 + 4nLon1 + 2).

(c) ZZ:O kL2k+1 = i(Q (n — 1) L27L+2 + (4n — 1) L2n+1 — 2L2n —I— 10)

From the last proposition, we have the following corollary which gives sum formulas of adjusted
Jacobsthal-Padovan numbers (take W,, = K,, with Ko = 0, K; = 1, K2 = 0).

Corollary 2.23. Forn > 0, adjusted Jacobsthal-Padovan numbers have the following properties:
@ Yr okKi=31((n—1)Knis+ (n—2) Knyo — 2Knq1 + 3).

(b) > o kKo, = %(*K2n+2 +2(n—1)Koni1 + 4nKop1 + 2).

(€) Yr_okKoks1 = 1(2(n—1) Kangz + (4n — 1) Kapy1 — 2Kan + 1).

Taking W,, = M,, with My = 3, M1 = 1, M> = 3 in the last proposition, we have the following corollary
which presents sum formulas of modified Jacobsthal-Padovan numbers.

Corollary 2.24. Forn > 0, modified Jacobsthal-Padovan numbers have the following properties:
(@ Y okMp=21((n—1)Mpis+ (n—2) Mpyo2 — 2Mpiq + 15).

(b) Yi o kMok = 3(—Mani2 +2(n — 1) Mani1 + 4nMan1 + 5).

(C) ZZ:O kM2k+1 = %(2 (n — 1) M2n+2 + (4n — 1) M2n+1 — 2May, + 13).

Taking r = 1,s = 0,t = 1 in Theorem 2.1, we obtain the following proposition.

Proposition 2.5. Ifr =1,s =0,t = 1 then forn > 0 we have the following formulas:

(a) Z::O kW) = (’rL - 1) Witz — Wipo — Wit +2Wo + Wi + W

(b) ZZ:O kWsp, = %((3% — 5) Want2 + (3n — 2) Wan+1 + (6n — 1) Won + 5Wo + 2W7 + Wo).
(©) i o kWakt1 = 2((6n —7) Wanga + (6n — 1) Wang1 + (3n — 5) Wap + TWa + Wi + 5Wo).

From the last proposition, we have the following corollary which gives sum formulas of Narayana
numbers (take W,, = N,, with No =0, N; =1, N, = 1).

Corollary 2.25. Forn > 0, Narayana numbers have the following properties:

(a) ZZ:O ENp = ((n — 1) Nny3 — Npg2 — Npg1 + 3).
(b) >r_okNak = 5((3n —5) Nant2 + (3n — 2) Nopy1 4 (6n — 1) Non + 7).
(€) > h_okNaky1 = é((6n —7) Napt2 + (6n — 1) Nopy1 + (3n — 5) Nap, + 8).
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Taking W,, = U, with Uy = 3,U; = 1,U> = 1 in the last proposition, we have the following corollary
which presents sum formulas of Narayana-Lucas numbers.

Corollary 2.26. Forn > 0, Narayana-Lucas numbers have the following properties:
(a) ZZ:O kU = (n —1)Upg3 — Uny2 — Upg1 +6) .

(b) >i_o kU = £((3n = 5) Uznt2 + (3n — 2) Uzni1 + (6n — 1) Uzp + 10).

(©) Y okUzks1 = 5((6n —7)Uzny2 + (6n — 1) Uzny1 + (3n — 5) Uan + 23).

From the last proposition, we have the following corollary which gives sum formulas of Narayana-
Perrin numbers (take W,, = H,, with Hy = 3, H; = 0, Hy = 2).

Corollary 2.27. Forn > 0, Narayana-Perrin numbers have the following properties:

@ >0 kHe=((n—1)Hays — Huyz — Hop1 + 7).

(b) >i_okHar = §((3n — 5) Hany2 + (3n — 2) Hant1 + (6n — 1) Hapn + 13).

(©) > okHari1 = 5((6n —7) Hanya + (6n — 1) Hany1 + (3n — 5) Hap, + 29).

Taking r = 1,s = 1,t = 2 in Theorem 2.1, we obtain the following proposition.
Proposition 2.6. Ifr =1,s =1,t = 2 then forn > 0 we have the following formulas:

(a) ZZ:O kW = %(an+3 — Wn+2 — (n + 1) Wn+1 + Ws + W1).

(b) >y o kWa = é(—W2n+2 + (Bn—1)Wapt1 +2Bn+ 1) Wa,, + Wa + Wi — 2W).
(©) Yh_okWart1 = 2((3n — 2) Wanga + (6n + 1) Wany1 — 2Wap + 2Wa — W1 + 2W0).

From the last proposition, we have the following corollary which gives sum formulas of third order
Jacobsthal numbers (take W,, = J,, with Jo =0,J; =1, J2 = 1).

Corollary 2.28. Forn > 0, third order Jacobsthal numbers have the following properties:
@ > i ok = %(anJr:s —Jny2— (n+1) Jpng1 + J2 + J1).

(b) Y okJor = 5(—Jany2 + (B3n— 1) Jang1 +2(3n+ 1) Jon + Jo + J1 — 2Jo).

(C) ZZ:O kJ2k+1 = é((?m — 2) J2n+2 —+ (Gn + 1) J2n+1 —2Jon +2J5 — J1 + 2J0).

Taking W,, = j, with jo = 2,751 = 1,j2 = 5 in the last proposition, we have the following corollary
which presents sum formulas of third order Jacobsthal-Lucas numbers.

Corollary 2.29. Forn > 0, third order Jacobsthal-Lucas numbers have the following properties:
(@) Yor_okir = 5(njnts — gtz — (W + 1) jns1 4 jo + 1)

(b) Yi_okijor = 5(—Jan+2 + (3n — 1) jo2nt1 + 2 (3n + 1) jan + j2 + J1 — 2jo)-

(€) Yh_okiort1 = 5((Bn —2) fanta + (61 + 1) jont1 — 2j2n + 2j2 — ji + 2jo).

From the last proposition, we have the following corollary which gives sum formulas of modified third
order Jacobsthal-Lucas numbers (take W,, = K,, with Ko =3, K1 = 1, K5 = 3).

Corollary 2.30. Forn > 0, modified third order Jacobsthal-Lucas numbers have the following properties:

(a) ZZ:O kKk = %(nKn+3 - Kn+2 — (n + 1) Kn+1 + Ko + Kl)
(b) Y7 o kKor = 3(—Kant2 + (3n — 1) Kong1 + 2 (3n + 1) Koy + K2 + K1 — 2Ko).
(€) Do kKory1 = é((3n —2)Konqo+ (6n+ 1) Kong1 — 2Kon + 2K2 — K1 + 2K0).
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Taking W,, = Q. with Qo = 3,Q1 = 0, Q2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of third order Jacobsthal-Perrin numbers.

Corollary 2.31. Forn > 0, third order Jacobsthal-Perrin numbers have the following properties:
(@ Y okQr=3(nQnis — Qniz— (n+1)Qni1 + Q2+ Qu).

(b) >7_kQax = é(*sz.z +Bn—1)Qant+1+2Bn+1)Q2n + Q2 + Q1 — 2Q0).

(c) ZZ:O kQ2k+1 = %((371 —2)Qa2nt2 + (6n+ 1) Q2nt+1 — 2Q2n + 2Q2 — Q1 + 2Q0).

Taking r = 2,s = 3,t = 5 in Theorem 2.1, we obtain the following proposition.

Proposition 2.7. Ifr =2,s = 3,t =5 then forn > 0 we have the following formulas:

@ S0 kWi = & (90 +4) Wass — (90 + 13) Wips — (361 + 16) Wagr + 5Wa + 4W1 — 20Wp).

(b) 7 kWai = 5= (— (90n + 11) Wapyo + 11 (450 — 17) Wapt1 + 5 (3150 + 106) Way, + 11W2 +
187W1 — 530Wp).

(€) S0y kWars1 = 5oz (315 — 209) Wargo+ (13050 + 497) W1 —5 (901 + 11) Way, +209Wa +
55Wo — 497TW7).

From the last proposition, we have the following corollary which gives sum formulas of 3-primes
numbers (take W,, = G,, with Go = 0,G1 = 1,G2 = 2).

Corollary 2.32. Forn > 0, 3-primes numbers have the following properties:

(@ >r_okGr = 5:((9n+4) Gnysz — (9n 4 13) Gnya — (36n + 16) Gy + 14).

(b) Yr o kGar = 555 (— (900 + 11) Gany2 + 11 (450 — 17) Gant1 + 5 (3150 + 106) Gan + 209).
(€) Do kGars1 = 5052 (3151 — 209) Gany2 + (13051 + 497) Gany1 — 5 (90n + 11) Gan — 79).

Taking W,, = H,, with Hy = 3, H, = 2, H> = 10 in the last proposition, we have the following corollary
which presents sum formulas of Lucas 3-primes numbers.

Corollary 2.33. Forn > 0, Lucas 3-primes numbers have the following properties:

(@ >p_okHr = 4 ((9n+4) Hnys — (9n + 13) Hupo — (36n + 16) Hnq1 — 2).
(b) ZZ:O kHoj = W125(7 (90n —+ 11) H2n+2 + 11 (457’L - 17) H2n+1 +5 (315n —+ 106) Ho, — 1106).
(€) >op_okHakt1 = 555 ((315n — 209) Honyo + (13050 + 497) Hany1 — 5 (90n + 11) Hay, + 1261).

From the last proposition, we have the following corollary which gives sum formulas of modified 3-
primes numbers (take W,, = E,, with E, =0, E1 = 1, E; = 1).

Corollary 2.34. Forn > 0, modified 3-primes numbers have the following properties:

@ > okEr = 57((9n+4) Enys — (9n+ 13) Enya — (36n + 16) Eny1 +9).
(b) Yh o kEak = 5555 (— (90n + 11) Eapyo + 11 (45n — 17) Ean g1 + 5 (3150 + 106) Eap, + 198).
(€) > o kEokt1 = 5oz ((315n — 209) Eany2 + (13051 4 497) Eapq1 — 5 (900 + 11) By, — 288).

Taking r = 5,s = 3,t = 2 in Theorem 2.1, we obtain the following proposition.

Proposition 2.8. Ifr =5,s = 3,t = 2 then forn > 0 we have the following formulas:

@) Sr_o kWi = & (97 4 10) Wigs — (36n + 49) Wi s — (630 4 43) Wigq — Wa + 13W) — 20W5).

(b) EZ:O kWop = ﬁ (— (18n =+ 19) Waon42+17 (9n + 5) Waon4+1+2 (63n =+ 53) Won+19Wso —85W1 —
106WO).
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(C) ZZ:O kW2k+1 = &((6371 — 10) Wont2+ (72n + 49) Wont1—2 (18n + 19) Wan +10Ws —49W1 +
38W0).

From the last proposition, we have the following corollary which gives sum formulas of reverse 3-
primes numbers (take W,, = N,, with No = 0, N; = 1, Ny = 5).

Corollary 2.35. Forn > 0, reverse 3-primes numbers have the following properties:

(@ >r_okNk = o ((9n + 10) Npys — (361 4 49) Npjo — (63n + 43) Npy1 + 8).
(b) i o kNak = 5= (— (18n+ 19) Napy2 + 17 (91 + 5) Nang1 + 2 (63n + 53) Nay, + 10).
(©) Yh_okNaks1 = 555 ((63n — 10) Nania + (721 + 49) Napy1 — 2 (18n + 19) Nay, + 1).

Taking W,, = S,, with Sy = 3,51 = 5,52 = 31 in the last proposition, we have the following corollary
which presents sum formulas of reverse Lucas 3-primes numbers.

Corollary 2.36. Forn > 0, reverse Lucas 3-primes numbers have the following properties:

(@ >r_okSk = 25 ((9n +10) Snys — (36n +49) Sni2 — (63n + 43) Sni1 — 26).
(b) >7_kSa = ﬁ(— (18n 4+ 19) S2n+2 + 17 (9n + 5) S2nt+1 + 2 (63n + 53) San — 154).
(€) > or_okSaki1 = 555 ((63n — 10) Sany2 + (721 4 49) San 1 — 2 (18n + 19) San + 179).

From the last proposition, we have the following corollary which gives sum formulas of reverse
modified 3-primes numbers (take W,, = U,, with Uy = 0,U; = 1,Uz = 4).

Corollary 2.37. Forn > 0, reverse modified 3-primes numbers have the following properties:

(@ Y o kUk = 2 ((9n +10) Unys — (361 +49) Unt2 — (631 + 43) Ung1 + 9).
(b) Sp_okUsk = 55=(— (18n 4+ 19) Uans2 + 17 (9n + 5) Uzns1 + 2 (630 + 53) Uz — 9).
(©) > r_okUzks1 = 10z ((63n — 10) Uzny2 + (720 + 49) Uzny1 — 2 (18n 4 19) Uzn — 9).

3 SUM FORMULAS OF GENERALIZED TRIBONACCI NUMBERS
WITH NEGATIVE SUBSCRIPTS

The following Theorem presents some sum formulas (identities) of generalized Tribonacci numbers
with negative subscripts.

Theorem 3.1. Forn > 1, we have the following formulas:

(@) Ifr+s+t—1+#0then
Shw =M
P (r+s+t—1)

(b) if(r+s+t—1)(r—s+t+1)+0then

- A
ZkW_%: 22 23
Pt (r—s+t+1)"(r+s+t—1)

and
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(c) if(r+s+t—1)(r—s+t+1)#0then

n A3

D kWoor = > 7

Pt (r—s+t+1)"(r+s+t—1)
where

6 6 6
A=Y N A= Y0 A=Y
k=1 k=1 k=1

with

M=—(nr+s+t)(r+s+t—1)+r2+s>+124+2rs+2rt + 25t + 5+ 26)W_p_1,
da=—(n(s+t)(r+s+t—1)+25>+2t> +rs+4st +t)W_p_o,
As=t(—n(r+s+t—1)—r—2s —3t)W_pn_s3,

)\4 = —(’I‘ —t— 2)W2,

Xs = (r® —rt — 2r + s+ 2t + 1)W7,

A = —t(27" + s — 3)Wo,

0 =—(nr+t)(r—s+t+1)(r+s+t—1)+t> —rs®> +2rt> +r%t — 2st + 1 + 2)W_2p41,
Or=(n(r—s+t+D(r+s+t—1D(s+rt+r2—1)+r3% +rtd —r2s® + 2r2% — 5% + 25t% +
257 — 3t% — 2rt — s)W_an,

O3 =tn(s—D(r+s+t—1)(r—s+t+1)—r’s+st> — s> — 2> — 2rt + 25 — )W_gp,_1,
04 = (7'23 —st? + 8%+ 22 +2rt — 25+ 1)Wa,

Os = —(t +rs)(r? —t* + 25 — 2)W1,

O = —t(r3 4+ 2r%t + rt® — st + 2rs + 4st — 2r — 3t)Wo,

=M -1 +s+t—1)(r—s+t+1)—s®+2st> + 2rst — r? +25% — 31> — drt — )
W_2n41,

pe =t +rs)(—n(r+s+t—1)(r—s+t+1)+s> —2t2 —2rt — 1)W_op,

pz = —t(n(r+t)(r—s+t+1)(r+s+t—1)+t3+2rt? + 12t —rs> — 2st + 7+ 20)W_2,_1,
e = (er 13 —rs? +2rt? — 2st + 1 + 2t)Wa,

ps = — (3t +rt® — r?s® 4 2022 + 2517 — 52 4 257 — 3t2 — 2rt — 5)W1,

pe = t(r?s — st® + s + 2t + 2rt — 25 + 1)Wo.

Proof.

(a) Using the recurrence relation

s T 1
W7n+3 =rX W7n+2 +sX W7n+1 FItxW_pn=>W_, = _gw—(n—l) - ZW—(n—Q) + EW—(n—Zi)

i.e.
tW_y =W_piz —rW_pio — sW_pi1,
or
wcn:%wcmaf%wcwafiwcmﬁ
we obtain
tnW_, = nW_,i3—rnW_,4o —snW_,41
ttn—1)W_nt1 = (n—1)W_pra—1(n—1)W_pni3 —s(n — 1)W_, 42
ttn—2)W_nto = (n—2)W_pnys—1(n—2)W_pta —s(n —2)W_, 43
tx3xW_s = 3xWop—rx3xW_1—-—sx3xW_
tx2xW_o = 2xWi—rx2xWy—sx2xW_1
tx1xW_1 = 1xWe—rx1xW —sx1xW,.
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If we add the equations side by side, we get

(r+s+t—1)> kW_ = —@r+2s+t+nrd+ns+nt)W_p_1— (Bs+2t+ns+nt)W_pn_o (3.1)
k=1

—t(n+3)W_p_ 3+ Wa+ (2—r)W1 —(2r+s—3)Wo— (2r+s—3) > W_g.
k=1

Then, using Theorem 1.2 (a) and solving (3.1), the required result of (a) follows.
(b) and (c) Using the recurrence relation

W7n+3 == TW*’I’L‘FQ + SW*TL+1 + thny

i.e.
SW*'nA»l - W7n+3 - ern+2 - thny
we obtain
snW_ont1 = nW_oonyzs —rnWoonio —tnW_o,
s(n — 1)W72n+3 = (n — 1)W72n+5 — r(n — 1)W72n+4 — t(n — 1)W72n+2
S(’I’L — 2)W72n+5 = (n — 2)W72n+7 — T(TL — 2)W—2n+6 — t(n — 2)W72n+4
sX3xW_s = 3xW_3—rx3xW_4—tx3xW_g
sX2xXxW_g = 2XW_1—7rX2XW_a—tx2xW_4
sXx1xW_1 = 1xWi—rx1IxWy—tx1xW_s.

If we add the equations side by side, we get

n n n n

(s=1) D kW_gpq1 = —(n+D)W_gni1+r(n+1)W_on+W1—rWo—(r+t) > kW_op+ > W_gpp1—7 > W_og.
k=1 k=1 k=1 k=1

3.2)

Similarly, using the recurrence relation

W7n+3 - TW7n+2 + SW*'nA»l + thn

i.e.
3W7n+1 = W7n+3 - TW7n+2 - thn
we obtain
snW_o,, = nW_gpyo —rnW_ony1 —tnW_o,_1
S(’I’L — 1)W72n+2 = (n — 1)W72n+4 — r(n — 1)W72n+3 — t(’I’L — 1)W727L+1
S(’I’L — 2)W72n+4 = (n — 2)W—2n+6 — r(n — 2)W72n+5 — t(n — 2)W72n+3
sX3xW_g = 3xW_4—rx3xW_5—tx3xW_,
sX2XxW_y = 2xW_o—rx2xW_3—tx2xW_5
sX1IxW_g = 1IxWo—rx1IxW_1—tx1xW_3

If we add the equations side by side, we get

(s=1) Y kWook = —(nt-1)Weon—tnWosno14Wo—(r+) Y kWosiratt y  Wookpaty  Woar.
k=1 k=1 k=1 k=1

(3.3)
Then, using Theorem 1.2 (b) and (c) and solving system (3.2)-(3.3) the required result of (b)
and (c) follow.
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3.1 Special Cases

In this section, we present the closed form solutions (identities) of the sums >~ kW_, > 7 kW_ai
and }")_, kW_or41 for the specific case of sequence {W.,}.

Taking r = s = ¢t = 1 in Theorem 3.1, we obtain the following proposition.

Proposition 3.1. Ifr = s =t =1 then forn > 1 we have the following formulas:

@ >p kW =2(-3(n+2)W_n_1 —(2n+5)W_p_o— (n+3) W_p_3+ Wa + W1).
(b) Sop kW ok = 1(— 2n+1) Wooni1 +2nW_o, — Woon_1 + Wa — Wo).

(©) S kWooppr = 2(~Weznp1 —2(n+ 1) Wesn — (20 + 1) Wegpn_1 + Wa + Wo).

From the above proposition, we have the following corollary which gives sum formulas of Tribonacci
numbers (take W,, = T,, with 7o, = 0,71 = 1,7, = 1).

Corollary 3.2. Forn > 1, Tribonacci numbers have the following properties:
@ >r kT =%(-3n+2)Tn1—C2Cn+5)T-n2—(n+3)T_n_3+2).
(b) 22:1 KT 2, = %(* Cn+ 1) T 2ny1 +2nT 9, —T 2,1 + 1).

(€) >p 1 kTopt1=2(-T 2n41 =2+ 1)T-2n — 2n+1)T-2n1 +1).

Taking W,, = K,, with Ky = 3, K1 = 1, K2 = 3 in the last proposition, we have the following corollary
which presents sum formulas of Tribonacci-Lucas numbers.

Corollary 3.3. Forn > 1, Tribonacci-Lucas numbers have the following properties:
@ >r kK k=2(-3n+2)K n1—(2n+5)K n2—(n+3)K_n_3+4).
(b) > _ kK on = %(* 2n+1)K_ont1+2nK_9n — K_op_1).

(C) ZZ:l kK_gk_H = %(7K72n+1 -2 (n + 1) K_o, — (27’L —+ 1) K_on1+ 6)

From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-
Perrin numbers (take W,, = M,, with My = 3, M1 = 0, My = 2).

Corollary 3.4. Forn > 1, Tribonacci-Perrin numbers have the following properties:

(@ Yr  kM_py=2(-3(n+2)M_pn_1— (2n+5)M_n_>— (n+3) M_n_3+2).
(b) 22:1 kM _o, = i(— (27’1, =+ ].) M72n+1 +2nM_op — M_9,-1 — ].).
(C) ZZ:I kM_2k+1 = %(—M72n+1 -2 (n + 1) M_s, — (217, + 1) M_9n—1+ 5)

Taking W,, = U,, with Uy = 1,U; = 1,U> = 1 in the last proposition, we have the following corollary
which presents sum formulas of modified Tribonacci numbers.

Corollary 3.5. Forn > 1, modified Tribonacci numbers have the following properties:

@ Y  kU_k=2(-3n+2)U_n-1—2n+5)U-n—2—(n+3)U_pn_3+2).
(b) > kU_o = i(— 2n 4+ 1) U—2n+1 +2nU—2, — U—_2p_1).
(C) ZZ:I kU_2k41 = i(_U*2"+l -2 (n + 1) U_on — (2n =+ 1) U_on_1+ 2).

From the last proposition, we have the following corollary which gives sum formulas of modified
Tribonacci-Lucas numbers (take W,, = G,, with Go = 4, G1 = 4, G2 = 10).

Corollary 3.6. Forn > 1, modified Tribonacci-Lucas numbers have the following properties:
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(a) ZZ:I kEG_; = %(—3 (n + 2) G_p_1 — (2n + 5) G_p_o — (TL + 3) G_pn_3+ 14).
(b) 22:1 kG_2r = i(— 2n4+1)G_2n+1 +2nG—2, — G_2pn_1 + 6).
(C) Zzzl kG_QkJ,-l = %(*Gfg»,pﬁl -2 (n =+ 1) G_on — (217, -+ 1) G_on_1+ 14).

Taking W,, = H,, with Hy = 4, H; = 2, H> = 0 in the last proposition, we have the following corollary
which presents sum formulas of adjusted Tribonacci-Lucas numbers.

Corollary 3.7. Forn > 1, adjusted Tribonacci-Lucas numbers have the following properties:
(@ Yr  kH_r=3(-3(n+2)H_n1—(2n+5)H_n_o— (n+3)H_n_3+2).

(b) Yh  kH ok =3(—(2n+1)H_ons1+2nH_2p — H_2n—1 — 4).

(C) ZZ:l kH_2k+1 = i(*H—2n+1 -2 (n -+ 1) H_op — (217, —+ 1) H_on,_ 1+ 4)

Taking r = 2,s = 1,t = 1 in Theorem 3.1, we obtain the following proposition.

Proposition 3.2. Ifr =2,s=1,t =1 then forn > 1 we have the following formulas:

@ >p kW =3(—(12n+19)W_p 1 —(6n+11) W_p_2—(3n+7) W_pn_s+Wa+2W1 —2W)).
(b) Y h kW ok =5(—Bn+ 1) W_ony1 + (6n+ 1) W_on — W_g, 1 + Wa — W1 — 2Wp).

(©) Yh i kW oki1=5(-Woznt1— Bn+2) Woon — Bn+1) Wegn1 + Wa — Wi + Wo).

From the last proposition, we have the following corollary which gives sum formulas of Third-order
Pell numbers (take W,, = P,, with P, =0, P, = 1, P, = 1).

Corollary 3.8. Forn > 1, third-order Pell numbers have the following properties:

(@ >p_kPx=45(—(12n+19) P 1 — (bn+11) Py o — (3n+7) P_n_5 +4).
(b) Sp_ kP or=3(—Bn+1)Pony1+ (6n+1) Pogp — P_gn_1 + 1).

(C) Zzzl kP72k+1 = é(_P—Qn-&-l — (371 =+ 2) P o, — (371 + 1) P on_1+ 1).

Taking W,, = Q. with Qo = 3, Q1 = 2, Q2 = 6 in the last proposition, we have the following corollary
which presents sum formulas of third-order Pell-Lucas numbers.

Corollary 3.9. Forn > 1, third-order Pell-Lucas numbers have the following properties:

@ >r  kQr=3(-(12n4+19)Q n1—(6n+11)Q n2—(Bn+7)Q_n_3+4).
(b) > kQ 2k = é(— Bn+4+1)Q-2nt1+ (6n+1) Q-2 — Q2n—1 — 2).
(€ X7 kQ sks1 = 2(—Q-2n1 — (B30 +2) Q20 — (3n+ 1) Q201 + 7).

From the last proposition, we have the following corollary which gives sum formulas of third-order
modified Pell numbers (take W,, = E,, with Ex =0, E; = 1, E> = 1).

Corollary 3.10. Forn > 1, third-order modified Pell numbers have the following properties:

@ >r kB x=3(—(12n+19)E_n 1 —(6n+11)E_n_2— (3n+7) E_n_3+ 3).
(b) Yr  kE o =3(—Bn+1)E_oni1+ (6n+ 1) E 2y — E_2,1).
(€) > r kB _opt1 = %(_E—2n+l —Bn+2)FE_2, — (Bn+1)E_2p_1).

Taking W,, = R,, with Ry = 3, R1 = 0, R = 2 in the last proposition, we have the following corollary
which presents sum formulas of third-order Pell-Perrin numbers.

Corollary 3.11. Forn > 1, third-order Pell-Perrin numbers have the following properties:

44



Soykan; JSRR, 26(7): 27-52, 2020; Article no.JSRR.60366

(a) ZZ:I ER_i, = %(— (12n + 19) R_n_1— (671 + 11) R_,_9— (3n + 7) R_,_3— 4).

(b) 22:1 kR_o1 = %(— (3TL =+ ].) R_on4+1 + (6n + 1) R_op —R_op_1— 4)

(€) iy kR 21 = g(=Rozni1 = (3n+2) Roon — (3n+ 1) Roon1 +5).

Taking » = 0,s = 1,t = 1 in Theorem 3.1, we obtain the following proposition.

Proposition 3.3. Ifr =0,s =1,t = 1 then forn > 1 we have the following formulas:

(a) ZZ:I EW_p = — (271 —+ 7) W_pn_1— (2n + 9) W_pn_o— (’IL + 5) W_n_3+ 3Ws + 4W7 + 2Wp.
(b) >r kW o =—(n+1)W_ony1 — Weon — Wegno1 + Wa + Wh.

(€) Sr AWoopi1 = —Woonpr — (n42) Weon — (n+ 1) Weop_y + Wa + Wy + Wo.

From the last proposition, we have the following corollary which gives sum formulas of Padovan
numbers (take W,, = P, with P =1,P, =1, P, = 1).

Corollary 3.12. Forn > 1, Padovan numbers have the following properties:
(a) Zzzl kP_;, = — (271 + 7) P_,_1— (277, + 9) P_ o — (n + 5) P_,_3+09.
(b) 22:1 kP_ o = — (TL + 1) P72n+l — P o — P_op_1+2.

(€) >r 1 kPory1=—Popy1—(n+2)Pop —(n+1)P_gn_1+3.

Taking W,, = E,, with Ey = 3, E1 = 0, E> = 2 in the last proposition, we have the following corollary
which presents sum formulas of Perrin numbers.

Corollary 3.13. Forn > 1, Perrin numbers have the following properties:

(a) ZZ:l kE_ = — (2n + 7) E_ ., 1- (27’L + 9) E_ . o— (’I’L + 5) FE_,._ 3+ 12.
(b) >0 kE ox=—(n+1)E_9ny1 — E_on — E_on_1+ 2.

(€ > i 1 kE opr1=—F onp1—(n+2)E 2 —(n+1)E_2,.1+5.

From the last proposition, we have the following corollary which gives sum formulas of Padovan-Perrin
numbers (take W,, = S,, with Sp = 0,51 =0, 52 = 1).

Corollary 3.14. Forn > 1, Padovan-Perrin numbers have the following properties:

(a) Z:Zl kS_p =— (271 —+ 7) S_n_1— (2?’L —+ 9) S_n_o — (n + 5) S_n—3+ 3.
(b) ZZ:I ka?k = - (n + 1) S—2n+l - S—2n - S—Qn—l + 1.
(©) > 1 kS o2kt1=—S-2nr1—(n+2)S2n—(n+1)S_2n_1 + L

Taking W,, = A,, with Ay = 3, A; = 1, A, = 3 in the last proposition, we have the following corollary
which presents sum formulas of modified Padovan numbers.

Corollary 3.15. Forn > 1, modified Padovan numbers have the following properties:

@ > kA r=—0CCn+7A 1 —2n+9)A n 2—(n+5)A_n_3+19.
(b) 22:1 kA—2k = — (n + 1) A72n+1 — Afgn — A72n71 + 4.
(€) rp kA oppi=—A onii—(n+2)A on—(n+1)A 2n 1 +7.

Taking r = 0,s = 2,t = 1 in Theorem 3.1, we obtain the following theorem.

Theorem 3.16. Ifr =0,s = 2,t = 1 then forn > 1 we have the following formulas:

@ Yp kWoi = 3(= (6n+ 13) W1 — (60 + 19) W2 — (20 + 7) W_pn—3+3W2 +5W1 + Wo).
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(b) ZZ:l kW _op = %(—n (n — 1) W72n+1 =+ (n + 1) (n — 2) W_on+n (n — 3) W_on_1+ QWQ)A
(C) ZZ:I kW_2k+1 = %((n + 1) (n — 2) W72n+1 —-n (TL =+ ].) W_on—n (n — 1) W_on_1+ 2W1).
Proof

(a) Ifwesetr=0,s=2,t=1inTheorem 3.1 (a) then we have

= 1
> kW = 1 (6n+13) Wy = (60 + 19) W2 — (20 + 7) Won g +3Wa +5W1 +Wo).
k=1

(b) It can be proved by induction.
(c) It can be proved by induction.

From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan
numbers (take W,, = R, with Ro =1, Ry = 1, Rz = 1).

Corollary 3.17. Forn > 1, Pell-Padovan numbers have the following properties:

(@ >p_ kR =3(—(6n+13)R_n1—(6n+19)R_n_2— (2n+T7)R_n_3+9).

(b) Z::l kagk = %(—’I’L (n — 1) R_2n+1 =+ (’I’L =+ 1) (n — 2) R—Qn +n (’I’L — 3) R_Qn_l —+ 2)
() > h_ kR k41 = %((n +1)(n—2)R-ony1 —n(n+1)R_an —n(n—1)R_op_1 +2).

Taking W,, = C,, with Cy = 3,C1 = 0,C> = 2 in the last theorem, we have the following corollary
which presents sum formulas of Pell-Perrin numbers.

Corollary 3.18. Forn > 1, Pell-Perrin numbers have the following properties:

(@ >p_kCok=3(—(6n+13)Cpn_1 — (6n+19)Cpn_2— (2n+7)C_p_3+9).

(b) > kC ok =35(—n(n—1)C2ny1 4+ (n+1)(n—2)Cgn+n(n—3)C2n1+6).
(C) ZZ:I kC_ng = %((n + 1) (TL — 2) 072n+1 —-n (TL + 1) C_on—n (n — 1) Cfgnfl),

From the last theorem, we have the following corollary which gives sum formulas of third order
Fibonacci-Pell numbers (take W,, = G, with Go = 1,G1 = 0,G2 = 2).

Corollary 3.19. Forn > 1, third order Fibonacci-Pell numbers have the following properties:

(@ Yr  kG_r=3(—(6n+13)G_n_1 — (6n+19)G_n2— 2n+7)G_pn_3+ 7).
(b) ZZ=1 kG _o), = %(711 (n — 1) G72n+1 =+ (n =+ 1) (TL - 2) G_on+n (n - 3) G_on_1+ 2).
(€ Yr 1 kG oky1 =3((n+1)(n—2)G2n41 —n(n+1)G9n —n(n—1)G_2,1).

Taking W,, = B, with By = 3,B1 = 0, B = 4 in the last theorem, we have the following corollary
which presents sum formulas of third order Lucas-Pell numbers.

Corollary 3.20. Forn > 1, third order Lucas-Pell numbers have the following properties:

(@ >r_ kB_px=3(—(6n+13)B_n_1 — (6n+19)B_n_2— (2n+7) B_n_3 + 15).
(b) Yh_ kBook=3(-n(n—1)B_gnp1+ (n+1)(n—2)B_an +n(n—3)B_on_1+6).
(c) EZ:l k‘Bfngrl = %((n + 1) (Tl — 2) B,2n+1 —n (n + 1) 37271 —nNn (’I‘L — 1) B,2n71).

Taking r = 0,s = 1,t = 2 in Theorem 3.1, we obtain the following proposition.

Proposition 3.4. Ifr =0,s = 1,t = 2 then forn > 1 we have the following formulas:
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(a) ZZ:I EW_, = %(— (Sn + 7) W_pn_1— (377, + 10) W_n_o—2 (n + 4) W_n_3+2Wso+3W; +2Wo).
(b) > kW_ g = i(—Q M+ 1) W_oni1 — Weop — 2W_g,—1 + Wa + 2W7).
(©) >p kW oky1 = 3(-W_ony1 —2(n+2) Woon —4(n+ 1) Woan_1 + 2Wa + Wi + 2W).

From the last proposition, we have the following corollary which gives sum formulas of Jacobsthal-
Padovan numbers (take W,, = Q, with Qo =1,Q1 = 1,Q2 = 1).

Corollary 3.21. Forn > 1, Jacobsthal-Padovan numbers have the following properties:
@ Y kQ k=3(-(Bn+7)Qn1—(Bn+10)Q n2—2(n+4)Q ns+7).

(b) 7 kQ-2k=3(-2(n+1)Q-2n+1 — Q-2 — 2Q_2—1 + 3).

(€) >r 1 kQ 2k41 = %(7Q—2n+1 —2(n+2)Q-2.—4(n+1)Q-2n-1+5).

Taking W,, = L,, with Lo = 3, L1 = 0, L» = 2 in the last proposition, we have the following corollary
which presents sum formulas of Jacobsthal-Perrin numbers.

Corollary 3.22. Forn > 1, Jacobsthal-Perrin numbers have the following properties:
@ Y kLk=3(-(Bn+7)L_n1—(Bn+10)L_n_2—2(n+4)L_n_3+10).
(b) Y kL_ok=3(—2(n+1)Loni1 — Loon —2L_9n_1 + 2).

(C) ZZ:l kL_2k+1 = %(7L72n+1 -2 (TL =+ 2) L o, —4 (TL + 1) L_on_1+ 10).

From the last proposition, we have the following corollary which gives sum formulas of adjusted
Jacobsthal-Padovan numbers (take W,, = K,, with Ko =0, K; =1, K2 = 0).

Corollary 3.23. Forn > 1, adjusted Jacobsthal-Padovan numbers have the following properties:

@ Yr kK x=3(-Bn+7)K_n1—(3n+10)K_n_2—2(n+4)K_n_3+3).
(b) Yh kK ok =3(-2(n+1)K_on41 — K_2n — 2K 2,1+ 2).
(€ X kK ki1 = 2(~K onp1 —2(n+2) K-2n —4(n+1) K_2,_1 +1).

Taking W,, = M,, with My, = 3, M1 = 1, M> = 3 in the last proposition, we have the following corollary
which presents sum formulas of modified Jacobsthal-Padovan numbers.

Corollary 3.24. Forn > 1, modified Jacobsthal-Padovan numbers have the following properties:

@ Yr kM =2(—Bn+7)M_pn_1—(Bn+10) M_pn_2 —2(n+4) M_,,_3 + 15).
(b) >p_ kM o = i(—Q (n+1)M_ont1 — M_2p —2M_9,_1 + 5).
(C) ZZ:l kM_2k+1 = %(7M72n+1 -2 (TL -+ 2) M_o, — 4 (TL + 1) M_on_1 + 13).

Taking r =1,s = 0,t = 1 in Theorem 3.1, we obtain the following proposition.

Proposition 3.5. Ifr =1,s=0,t = 1 then forn > 1 we have the following formulas:

@ > AW =—2n+6)W_pn1— (n+3)Wopn2— (n+4) Wopn_z +2Wa + W1 + Wo.
(b) 22:1 kW _op = é(— (67’L + 7) W_ont+1+ (STL — 1) W_o, — (3TL + 5) W_on_1+5Ws+2W7 + Wo).
(C) ZZ:I kW72k+1 = %(— (371 =+ 8) W_2n+1 —(3n + 5) W_on —(671 =+ 7) W_on_1+7TWo+W1 +5W0).

From the last proposition, we have the following corollary which gives sum formulas of Narayana
numbers (take W,, = N,, with Np =0, N1 =1, N2 = 1).

Corollary 3.25. Forn > 1, Narayana numbers have the following properties:
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(a) ZZ:I EN_, = — (271 + 6) N_,_1— (n =+ 3) N_,_o— (n + 4) N_,_3+3.
(b) 7 kN op = §(—(6n+T7) N_oni1+ (3n — 1) Noop — (3n+5) N_op 1 + 7).
(C) ZZ:I kN_2k+1 = é(* (37’L + 8) N72n+1 — (3TL =+ 5) N_o, — (67’L + 7) N_on_1+ 8)

Taking W,, = U, with Uy = 3,U; = 1,U2 = 1 in the last proposition, we have the following corollary
which presents sum formulas of Narayana-Lucas numbers.

Corollary 3.26. Forn > 1, Narayana-Lucas numbers have the following properties:
(a) ZZ:I kU_p = — (277, + 6) U_p_1— (n =+ 3) U_p_9— (n =+ 4) U_,_3+6.

(b) Y kU—2k = (= (6n+T7)U—2nt1+ (B3n— 1) U_2n — 3n+5) U_2n—1 + 10).
(©) >r 1 kU-ok41=3(—Bn+8)U_ant1— (3n+5)U_2n — (6n+7) U_2n_1 + 23).

From the last proposition, we have the following corollary which gives sum formulas of Narayana-
Perrin numbers (take W,, = H,, with Hy = 3, H; = 0, Hy = 2).

Corollary 3.27. Forn > 1, Narayana-Perrin numbers have the following properties:

(a) ZZ:I kH_, = — (271 + 6) H_,_1— (TL + 3) H_,_o— (n + 4) H_, 3+7.

(b) ZZ:l kH_o = %(— (671 =+ 7) H_opy1 + (37L — 1) H_2, — (3n + 5) H_o, 1+ 13).
(€) iy kH 2141 = 5(— (3n+8) Hozny1 — (3n+5) Hoon — (6n +7) H_2n—1 + 29).

Taking r =1,s = 1,t = 2 in Theorem 3.1, we obtain the following proposition.

Proposition 3.6. Ifr =1,s=1,t = 2 then forn > 1 we have the following formulas:

@ Sp  kWok=(—@n+ )Wt — Bn+T)Wenoo —2(n+3) Wepns + Wa + W1)
(b) Do kW ok = 5(—=Bn+2) Woony1 + (Bn+ 1) W_gp — 2W_2, 1 + Wa + W1 — 2W)
(€) Yhoi kWozkir = 5(~Weozni1 — (3n+4) Weon — 2 (3n +2) Woon1 + 2Wa — Wi + 2Wo)

From the last proposition, we have the following corollary which gives sum formulas of third order
Jacobsthal numbers (take W,, = J,, with Jo =0, J; =1, J> = 1).

Corollary 3.28. Forn > 1, third order Jacobsthal numbers have the following properties:

@ >r  kJe=3(-(An+7)J n1—Bn+7)J n2—-2(n+3)J n3+2).
(b) > kJ ok =3(—(Bn+2)Jzns1+ Bn+1)Joon — 2] 201 +2).
(€) Sr i kJookt1=5(—J-2n41— Bn+4)J2n —2(3n+2) J_2n_1 +1).

Taking W,, = j, with jo = 2,71 = 1,j2 = 5 in the last proposition, we have the following corollary
which presents sum formulas of third order Jacobsthal-Lucas numbers.

Corollary 3.29. Forn > 1, third order Jacobsthal-Lucas numbers have the following properties:

@ S kjok= A (4n+T)jont — Br4T)onz — 20+ 3) jns +6).
() i kjiok=5(—Bn+2)jont1+Bn+1)jon—2j201+2).
(€) >opikjoks1 = %(—j—2n+1 —(Bn+4)j_on —20Bn+2)j_on_1 + 13).

From the last proposition, we have the following corollary which gives sum formulas of modified third
order Jacobsthal-Lucas numbers (take W,, = K,, with Ko =3, K1 = 1, K5 = 3).

Corollary 3.30. Forn > 1, modified third order Jacobsthal-Lucas numbers have the following properties:
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@ >r kK x=3(—4n+7K n1—Bn+7K n2—2(n+3)K n 3+4).
() Yh kK ok =35(—Bn+2)K 2n1+ Bn+ 1)K 2, —2K 2,1 —2).
(€) Dr kK opq1 = %(_K72n+1 —Bn+4)K 2, —2Bn+2)K_ 2,1+ 11).

Taking W,, = @, with Qo = 3,Q1 = 0, Q2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of third order Jacobsthal-Perrin numbers.

Corollary 3.31. Forn > 1, third order Jacobsthal-Perrin numbers have the following properties:

@ Sp Qo =2(-(Un+7)Q-n1—Bn+7)Q-n-2-2(N+3)Q-n_s+2).
(b) > kQ-ak = é(— (Bn+2)Q-2nt1+ (Bn+1)Q_2n —2Q_2n—1 — 4).
(©) o kQ-2kt1 = 2(—Q-2n41 — (3n +4) Q20 — 2(3n +2) Q_2n—1 + 10).

Taking r = 2,s = 3,t = 5 in Theorem 3.1, we obtain the following proposition.

Proposition 3.7. Ifr =2,s = 3,t =5 then forn > 1 we have the following formulas:
@ Sp_ EW_k = &(—(90n+113) W_p_y — (720 + 139) W_pi_5 — 5(9n + 23) W_,_5 + 5W> +
AWy — 20Wo).

(b) Yh kW ok = 5055(— (3151 4 209) W_gn 41 + (720n +497) W_2n + 5(90n — 11) W_2, 1 +
11W3 + 187TW1 — 530Wy).

(€) >p_ kW oks1 = 5555 ((90n 4 79) W_opp1 — 11 (45n + 62) W_zp — 5 (3150 + 209) W_z,—1 +
209Ws — 497W1 + 55W).

From the last proposition, we have the following corollary which gives sum formulas of 3-primes
numbers (take W,, = G,, with Go = 0,G1 = 1,G2 = 2).

Corollary 3.32. Forn > 1, 3-primes numbers have the following properties:

(@ >p_ kG k= g (= (90n+113) G_p1 — (720 +139) G2 — 5 (In +23) G, 3 + 14).
(b) >°r_, kG ok = 505z (— (315m + 209) G — 2041 + (7201 + 497) G—2,, +5 (900 — 11) G 2,1 +209).

2025

(€) > op_i kG _2kt1 = 5555 (901 + 79) G —2n 11 — 11 (45n + 62) G2, — 5 (3151 4 209) G 2,1 — 79).

Taking W,, = H,, with Hy = 3, H1 = 2, H» = 10 in the last proposition, we have the following corollary
which presents sum formulas of Lucas 3-primes numbers.

Corollary 3.33. Forn > 1, Lucas 3-primes numbers have the following properties:
(@ >y kH ) =& (—(90n+113) H 1 — (720 +139) H_p—2 — 5 (9In + 23) H_p_3 — 2).
(b) Yh ) kH 2k = 5o5z (— (3150 + 209) H_2p414(720n + 497) H_2,+5 (90n — 11) H_2,—1—1106).

(€) >p i kH ors1 = 5555 (900 4+ 79) H 501 — 11 (451 4 62) H_2, — 5(315n +209) H_2n—1 +
1261).

From the last proposition, we have the following corollary which gives sum formulas of modified 3-
primes numbers (take W,, = E, with Ex =0, E1 = 1, E; = 1).

Corollary 3.34. Forn > 1, modified 3-primes numbers have the following properties:

@ X7 kE_x = & (= (90n +113) E_,m1 — (720 + 139) E_p—2 — 5 (90 + 23) E_n—3 + 9).
(b) S0, kE_o = 5= (— (3151 + 209) E_zps1 + (7200 + 497) E_o, +5 (900 — 11) E_g,,—1 + 198).
(€©) X0, kE skt = 505z ((90n + 79) E_ni1 — 11 (45n + 62) E_, — 5 (3157 4 209) E_2,,—1 — 288).
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Taking r = 5,s = 3,t = 2 in Theorem 3.1, we obtain the following proposition.

Proposition 3.8. Ifr =5,s = 3,t = 2 then forn > 1 we have the following formulas:
(@ Sp_ kW_k = & (= (90n + 107) W_p—1—(45n + 67) W_pn_2—2 (90 + 17) W_p,_3—Wa+13W1—
20Wp).

(b) 37, kW_op = g (— (631 + 10) W_opi1 + (3330 + 49) W, +2 (180 — 19) W,y + 19Wo —
85W1 — 106W5).

(€) >op_  kW_ory1 = 16:((18n — 1) W_gpy1 — 17(9n + 4) W_gn, — 2(63n + 10) W_2n 1 + 10W> —
49W1 + 38Wo).

From the last proposition, we have the following corollary which gives sum formulas of reverse 3-
primes numbers (take W,, = N,, with No =0, N; = 1, No = 5).

Corollary 3.35. Forn > 1, reverse 3-primes numbers have the following properties:

(@ Sp_ kN_x = & (= (90n +107) N_p_1 — (4510 +67) N2 — 2 (9n + 17) N_p_3 + 8).

(b) > kN _op = 55=(— (630 +10) N_ony1 + (333n + 49) N3, + 2 (18n — 19) N_a, 1 + 10).
(€) >p i kN ok1 = 555 ((18n = 1) N_gpy1 — 17(9n +4) N_g, — 2(63n + 10) N_gn—1 + 1).

Taking W,, = S,, with Sy = 3,51 = 5,52 = 31 in the last proposition, we have the following corollary
which presents sum formulas of reverse Lucas 3-primes numbers.

Corollary 3.36. Forn > 1, reverse Lucas 3-primes numbers have the following properties:

@) S, kS_y = &(—(90n +107) S_p—1 — (450 + 67) S—p—2 — 2 (9n + 17) S_p_5 — 26).
(b) Y0, kS_ok = zhe (— (63n + 10) S_zns1 + (3330 + 49) S_2p + 2 (181 — 19) S_z,—1 — 154).

S5

(C) ZZ:I kS_ng = &((187@ — 1) 572n+1 — 17 (97’L + 4) S_on—2 (631’L -+ 10) S_on_1+ 179),

From the last proposition, we have the following corollary which gives sum formulas of reverse
modified 3-primes numbers (take W,, = U,, with Uy = 0,U; = 1,Uz = 4).

Corollary 3.37. Forn > 1, reverse modified 3-primes numbers have the following properties:

@ X7 kU—_k = & (— (900 +107) U_p—1 — (450 4 67) U—p—2 — 2 (90 + 17) U—_p—3 + 9).
(b) S, kU_sk = 152 (— (63n +10) U—gns1 + (3330 + 49) U_op, + 2 (180 — 19) U—2n—1 — 9).

5]

(€) >r i kU-2k41 = 555 (180 = 1) U—2p41 — 17 (In +4) U_2, — 2(63n + 10) U_2n, 1 — 9).

4 CONCLUSION give the proofs to indicate how these identities,

in general, were discovered.
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discovered and proved. The method used in COMPETING INTERESTS

this paper can be used for the other linear
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identities in terms of the generalized Tribonacci gyjst.

sequence, and then we have presented the
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