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ABSTRACT

In the present paper some moments of generalized one-dimensional Szasz operator in the spaces
of continuously differentiable functions is found. Also, in two-dimensional case a generalization of
Szasz operator is considered and certain moments of this operator in the spaces of continuously

differentiable functions is found.
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1. INTRODUCTION
This work is devoted to the computing of some

moments of generalized Szasz operator. To
reveal what novelties this paper brings, we briefly

present both a background and some historical
comments. The main problem of approximation
theory consists in finding for a complicated
function a close-by simple function. At 70 years
old, Weierstrass (1815-1897) proved the density

*Corresponding author: E-mail: ay.mammadova@yahoo.com;



of the algebraic polynomials in the space
C[a, b] and of the trigonometric polynomial in

C[a,b]. Weierstrass approximation theorem

stating that every continuous function on a
bounded interval can be approximated to
arbitrary accuracy by polynomials is such an
important example for this process and has been
played the significant role in the development of
analysis. By using probability theory Bernstein [1]
proved the Weierstrass theorem and defined
approximate polynomials known as Bernstein
polynomials in the literature (see [2]). Namely, in
1912, Bernstein [1] constructed an approximate
polynomials in the form

B,(f;x)= k:g f(m@(x)k(l_ X)n_k, 0<x<l

where fDC[O,l]. In [3,4] Stancu introduced
some generalizations of Bernstein polynomials.

In 1950, Szasz defined and studied the

approximation properties of the following
operators

0 k
Sn(f;x)=e‘”*2f(k](”x), 0< X<,

o \n) K (1.1)

where fDC[O, oo) satisfies exponential-type

growth condition [5]. In 1962, Schurer [6]
introduced and studied the approximation
properties of linear positive operators. An

extension in 9-calculus of Szasz operators was
constructed by Aral [7] who formulated also a

ai+jf
ox gy’

Suppose that C"™ (R?) = {f :
continuously functions on Rf.

Definition 2.2. Let

Sne(Fixy) =™ Y33 ﬁKX_

00
k=01=0i=

oo (vl o o e o,
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Voronovskaya theorem related to d_derivatives
for these operators. After that several other
researchers have studied in this direction and
obtained different approximation properties of
many operators [8,9,2]. The weighted Korovkin-
type theorems were proved by Gadzhiev [10].
Recently, approximation theorems for
generalized Szasz operators and Bernstein-
Chlodowsky polynomials was proved in [11,12].

In this paper certain moments of generalized

one-dimensional and two-dimensional Szasz
operator are found.

2. PRELIMINARIES
Now we give the definitions of one-dimensional
and two-dimensional generalized Szasz

operator.

Definition 2.1. Let

G-
S, (fix)=e™> > — n (x—k) ()

' 010 n
fOC'[0,). 2.1)
The operator S, (f;X) defined by (2.1) is

called the generalized one-dimensional Szasz
operator.

Remark 2.1. Note that for T =0 the operator
S.,(f;X) is coincide with classical Szasz
operator (1.1).

OC(R?»),0<i</,0<j< m}, where C(R?) the spaces of

(2.2)

where f OCY™(R?),0<¢, m<r, |,m=01,...,r and we denote

(=23

0'f

(v plal =2l T a) a0y



The operator S, . (f;X,y) defined by (2.2) is

called the generalized two-dimensional Szasz
operator.

Remark 2.2. Note that for r =0 the operator

S (f;x) . e . ,
nr ( ) is coincide with classical
dimensional Szasz operator. In other words

two-
oy zemem (K 1) () (my)
Sim(fixy)=e™e k;of(n'mj TRETRE

3. MAIN RESULTS

Now we reduce the main results of this paper.

Theorem 3.1. For the generalized Szasz
operator the following equalities hold:
Sn’r(l;x) =1 r=0,
S.,tx)=x, r=0,
Z+x3, r=0
n
X
S, tx)=1x-=,r=1
’ n
X, r>2

Proof. Let us take f (t) =1in (2.1). We get

S, (¥ =S, LX) =

Suppose f(t)=t and let us taket=— . We

have
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S, (f(t):¥=S,,(tX) =

Therefore

S, (t;x) = e‘“xi

(o)

Finally we take f (t) =t% We get

S, (f();x) =8, (t%x) =
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It is obvious that for r =0 we have This completes the proof of the Theorem 3.1.

Remark 3.1. Note that for Theorem 3.1 in

e k2 (nx)¢ x i :
Sn,o (t2; X)=e nsz( k|) — E + %2 different form was proved in [13].
k=0 ' Theorem 3.2. Letf DC“’”(RE), O<i,j<r.
For I =1 we get Then the following equalities hold:
S X Yy) =1
(tz'x)‘e‘“xi LSPLI L el =xt -2 s (20
Sn’l e k=0 n? n n K - n Sn,m,r (t’ X, y) =X,
Sumc (TXY) =Y,
Finally, for T 22 we have that S (t2x,y) = X4,
2. — \j2
(K K[ K k) (9 Sume (T5XY) = Y7,
120 =e™S ] +25 x5 |4 x5 =,
Sﬂ,r( X) e ;{nz + n(X n)+(x n] J K Snymyr(tl'; X, y) — Xy.

Proof: Itis obvious that, if f(t,7) =1, then we have

P [ U L

Obviously,
fO0=f=1

and

e zermmss ey A kYo (o) o | k() (my)
oo 1L k) 1Yo | k () (my)
- nx-my el — |2 - || = =
© k;;,;, i!{ X n ax+(y mjay} n k! !
wng S KOS S (k)0 ()
- nx-my n nx—my _n -
© k;; n k! I e kz::g;, X n/ k [ X,
where
f(OO):f[KJEK
n n
f(1o)(£j =1, f(o,l)(kj =0
n n
and
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In the same Wayl, if f(t, IT) =1 then we Tave ¢ (LO)(lj —o f (0,1)(|j _1
Snmr(r;xxy):7+y_7:y! r = . m m
o m m m
Obviously, fG)(r)=o, i+ 2 2.
£ (0.0) — f( | ) - L Further, we get
m m

Sum: (FOT)iXY) =S, 1, (%%, y) =

where

f(“”(k)za i+j23

In the same way, if f(t,r) =7? then we have

2. J—
Sn,m,r (T X y) - y
After some calculation, we get

S (FOT)XY) =S, T, %y) =

o5, (shale-t) ) (sl

and this ends the proof of the Theorem 3.2.



4. CONCLUSION

Thus, some moments of generalized one-
dimensional Szasz operator in the spaces of
continuously differentiable functions is found.
Also, in two-dimensional case a generalization of
Szasz operator is considered and certain
moments of this operator in the spaces of
continuously differentiable functions is found.
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